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Abstract: We compute explicit transgression forms for the Euler and Pontrjagin classes of a Riemannian 
manifold M of dimension 4 under a conformal change of the metric, or a change to a Riemannian 
connection with torsion. These formulae describe the singular set of some connections with singularities on 
compact manifolds as a residue formula in terms of a polynomial of invariants. We give some applications 
for minimal submanifolds of Kahler manifolds. We also express the difference of the first Chern class of 
two almost complex structures, and in particular an obstruction to the existence of a homotopy between 
them, by a residue formula along the set of anti-complex points. Finally we take the first steps in the 
study of obstructions for two almost quaternionic-Hermitian structures on a manifold of dimension 8 to 
have homotopic fundamental forms or isomorphic twistor spaces. 

1 Introduction 

Some ^-characteristic classes Ch{E) of a vector bundle E over a manifold M, can be represented 
in the cohomology classes of M in terms of the curvature tensor defined with respect to a certain 
type of connections on E. If V, V are such connections with curvature tensors R and R! , 
respectively, then Chern- Weil theory states that 

Ch{R') = Ch{R) + dT 

where T is a (fc — l)-form on M. A way to specify such a T is by pulling back each connection by 
the projection vr : M x [0, 1] ^ M, 7r(p, t) = p, and then take the connection V= tV'-|- (1 — t)V 
defined on 7r~^E. Denoting by R its curvature tensor, the Chern-Simons transgression {k — 1)- 
form on M, obtained by integration along [0,1] of the closed fc-form Ch{R) on M x [0, 1], 

r(V,V')(Ai,...,Afc_i) = f' Ch{R){i,Xi,...,Xk^i)dt 
Jo 
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satisfies dT(V, V' ) = Ch{R') — Ch{R). To specify such Ts is interesting by itself, but also 
when V' is a connection with singularities. This is the case when (M, g) is a Riemannian m- 
manifold with its Levi-Civita connection, and {E,gE,^ ) is a Riemannian vector bundle of 
rank m such that there exists a conformal bundle map ^ : TM E which vanishes along a 
singular set S. This bundle map induces on M~S a connection V'= $~^*V , that makes <I> 
a parallel bundle map. This connection can be seen as a singular Riemannian connection (with 
torsion) on M with respect to a degenerated metric g on M, but B! and Ch{B!) can be smoothly 
extended to S by the identities R'{X,Y,Z,W) = gE{R^ {X,Y)^{Z),^{W)), Ch{R') = Ch{R^). 
If M is closed, and Ch gives a top rank form and an integral cohomology class, then /j^^ Ch{R) 
and Jj^^ Ch{R') are finite integers, representing invariants. Moreover, if the singular set S is 
sufficiently small and regular, the Stokes theorem reads /jvf^v'e(S) ~ ~ /av^s) where K(S) 
is a tubular neighbourhood of S of radius e, and letting e ^ may describe Ch{E) — Ch{R) 
as a residue of T along E and expressed in terms of the zeros of <I>. This type of problem is 
studied in JZ] , using currents. We provide explicit formulae of transgression forms 

for the cases of the Euler and Pontrjagin classes. In section 10 we give some applications to 
minimal 4-submanifolds in Kahler-Einstein manifolds. In section 9 we describe an obstruction 
for two almost complex structures on M to be homotopic, measured by the difference between 
their Chern classes, translated to a residue formula on the set of anti-complex points. In section 
11 we introduce the study of obstructions for two almost quaternionic-Hermitian structures on 
a Riemannian 8- manifold to have isomorphic twistor spaces or homotopic fundamental forms. 

Let (M, g) be an oriented Riemannian manifold of dimension 4 with its Levi-Civita connection, 
curvature tensor R^^ , Ricci tensor Ricci^^ and scalar curvature s*^. Our formulae are: 

Proposition 1.1 Let f : M ^ R be a smooth map, and g = e^g. Set 

P(V/) = (2A/ + ||V/f - 2s^')Vf + 4(i2icd^)«(V/) - V(||V/f ). (1.1) 

Then -, 

X{R^) = X{R^) + divg[PiVf))VolM, (1.2) 

ozvr 

pi(i?*0 = pi(i?*0. 

The invariance of the Pontrjagin class under a conformal change of the metric is well known (see 
[S] or remark 3). We thank Sergiu Moroianu for drawing our attention to this. The authors do 
not recall to have seen formula (1.2) in the literature: diVg{P{SJ f)) is a 2nd-order differential 
operator on V/. If / = log/i where /i > except at a finite set of zeros and poles pi of 
homogeneuos order 2ka and 2ki respectively {ka,ki > 0), then: 

^ divg{P{Vlog h))VolM = - \kl{k^ + 3) + - \k^i{-h + 3). 



Theorem 1.1 Let $ : TM E be a conformal bundle map into a Riemannian vector bundle 
{E,gE,^ ) of rank 4 over M, with coefficient of conformality given by a non-negative function 
h:M^R with zero set S. Let g = hg, and S' G C°°(0^r*M ® TM) defined away from T,: 
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S'{X,Y) = ^-^{VxHY)) - ^dlogh{X)Y - i(ilog/i(y)X + ic,(X,y)Vlog/i. 

Then: 

X{R^) = A'(ii^)-^d((5'A*(i?^-id5'-^(5')2))^) + ^di^;,(p(Vlog/i))yoZM 

where is the curvature tensor of (M, g), and S' : TM TM, {S')^ : TM TM, 

are defined by 

(5'(X),yAZ)g = giS\X,Y),Z) 
{{S')\XAY),ZAW)g = g{S'{X,Z),S'{Y,W))-g{S'{X,W),S'{Y,Z)) 
{R^{X AY),Z AW)g = h{R^{X AY) + (l)»g{X AY),Z AW)g 

(f) = ^{- g + \d\ogh®d\ogh- Hess (log h) ) . 

Moreover, if d^ = 0, thenX{R^) = X{R^)+^diVg{P{V log h)) Vol m andpi{R^) =pi{R^). 

The angle 9 G [0, vr] between two positive (/-orthogonal almost complex structures Jo and 
Ji on M is defined by cos6l = i(Jo, Ji), and S = {p G M : Ji{p) = -Jo{p)} = cos6'-i(-l) 
is the set of anti- complex points. If Ji is generic, S is a surface of M and an orientation 
can be given. Under the usual identification of Jq with its Kahler form loo, the orthogonal 
complement Ej^^ of RJo in A+ TM, is a complex line bundle over M with complex structure 
"Jo". We denote by H{p) the orthogonal projection of Ji(p) into Ej^. Let iV^S be the total 
set of the unit normal bundle of S and d^i^, its Lebesgue measure. For each {p,u) G N^T, 
define n{p,u) > 1 the order of the zero of = (1 + cos9){expp{ru)) at r = 0. We 

say that (1 + cos^) has a controlled zero set if there exist a non- negative integrable function 
f-.N^T. [0,+oc] and ro > s.t. supo<r<rok|: log((?!)(p,„)(r))| < f{p,u) a.e. {p,u) £ N^T,. 
For example, this holds if for all {p,u), 0(p^u)(r) is a polynomial function on r with coefficient 
of lowest order uniformly bounded away from zero. Some weaker conditions can be given on 
(0), 

d^fc+i ^""^ ■£:k+2(p(jj,u){'>')j where k — k{p,u), to guarantee controlled zero 
set (see Prop. 9.4). For each p G S, S{p, 1) denotes the unit sphere of TpT,-^ and ad' its volume. 
The function k{p) = ^ Jg^ k{p, u)ds{p^i)U is the average order of the zero p of (1 + cos^), in 
the normal direction. Assume M is compact. 

Theorem 1.2 If Jq is almost Kdhler then for any almost complex structure Ji = cos OJq + H 

I (ci(M,Ji)-ci(M,Jo)) Aa;o =-3- / div{{f Jof)VolM (1-3) 

where T is the 1-form on M H, T{X) = jy^^^^^{VxH,JoH). In the particular case that 
^^•'oH is Jq- anti- complex we have 

(1.3) = --^/ A log(l + cos ^)yolM. (1.4) 
47r Jm 

In this case, assume T, is a finite disjoint union of closed oriented submanifolds of dimension 
di<2. Let [jjkij be the range set of k on N^T,^ and let N^TL = K~^{kij). If k is bounded a.e. 
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and (1 + cos 9) has a controlled zero set then a residue formula along S is obtained: 

(1.3) = i j Ap)yoh. = h E^n^iViE»(A^'s;). (1.5) 

and so f {ci{M,Ji),ujo)VoIm> f {ci{M, Jo),ujo)VoIm = -r f {s^'^ + k\NuJof)VolM, 
Jm Jm 47r Jm 

with equality iff di < 1 \/i. Thus, if ci(M, Ji) = ci(M, Jq) (in H'^{M, /?); = for di = 2. 

Remark 1 . Pairs of almost complex structures with or without the same properties may exist on 
a manifold. Alekseevsky [1] discovered examples of simply-connected non-compact Riemannian 
manifolds admitting a non-integrable almost-Kahler structure and also an integrable non-Kahler 
complex structure, namely some solvable groups of dimension 4(4 + p + q) (q 0). 

We also prove in section 9: 

Proposition 1.2 // M is compact, Jq is Kdhler and Ji is almost Kdhler then 6 is constant. 
Thus, if cos 9 ^ ±1, Jq and Ji are homotopic and define a hyper-Kdhler structure on M. 

If (M^,g) is an oriented 8-dimensional manifold and Qq and Qi are two almost quaternionic 
Hermitian structures (see [2] for definitions) we define an angle 9 £ [0, tt], by cos9 = -^{^q,Qi), 
where are the corresponding fundamental 4-forms. Let Ei be the corresponding rank 3 vector 
bundle generated by the twistor space of Qi. In section 11 we prove: 

Proposition 1.3 IfQo is quaternionic Kdhler and Qi is almost quaternionic Kdhler and M is 
compact, then 9 is constant. Ifcos9 ^ —1 then Qq and fii are homotopic 4-forms in H^{M; R), 
and if Qi is also quaternionic Kdhler, pi{Eq) =pi{Ei). Furthermore, in the later case, (a), (6) 
or (c) must hold: (a) Eq = Ei; (6) Eq n Ei has rank one, M is Kdhler and both Qo,Qi are 
locally hyper-Kdhler structures; (c) Eq f] Ei = {0}. 

We observe that the problem on a compact 4- manifold "almost Kahler + Einstein implies 
Kahler", also called the Goldberg-conjecture, is not completely solved. Salamon in [5^ gives an 
example of a compact 8-dimensional almost quaternionic Kahler manifold that is not quater- 
nionic Kahler. We thank the referee for drawing our attention to this reference. 

2 Curvature tensors in dimension 4 

Let y be a vector space of dimension 4 and with a inner product g. We identify /\^ := /\^ V with 
Skew{V) (the space of skew-symmetric endomorphisms of V) and with /\^ V* in the standard 
way, considering Skeu)(y) as a subset oi V* <^ V with half of its usual Hilbert-Schmidt inner 
product. Consider the vector subspaces TZ and TZ'^ of the symmetric and skew-symmetric linear 
endomorphisms of A^j respectively. TZ, or more generally L{/\'^; L{V, V)), is defined as the space 
of curvature tensors of V (see (Tj, (Hj, or for details). We recall some definitions. 

li R € L{f\^;L{V,V)) let R G L{V ; L{/\^ -V)) given by R{Z){X A Y) := R{X A Y)Z. 
We also use the following notation: R{X,Y,Z,W) = g{R{X A Y)Z,W) = R{Z,W,X,Y). If 
R G i(A^;A^), R = R^ (transposed). We assume that V is with a given orientation, and 
so the star operator * E L(A^;A^) splits A^ ™to its eigenspaces A±5 corresponding to the 
eigenvalues ±1, defining respectively the space of selfdual and of anti-self-dual two forms. Then 
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R G L(A^; A^) splits as R = RX®Rt®R^®RZ with R^ G L(A±; A+), R± e ^(A±; A-)- 
The Ricci tensor Ricci : L{f\^; A^) — > -^^(V^, V) and the scalar curvature are given respectively by 
g{Ricci{R){X),Y) = RicciR{X,Y) = tr{Z R{X,Z){Y)} and sr = tr {Ricci r) = 2{R,Id) = 
2tr (R). The sectional curvature of i? G L(A^; A^) is denoted by crR{P) = R{X, Y, X, Y) for each 
2-plane P spanned by an o.n.b. {X, y}, and the Bianchi map b : L{/\'^; L{V;V)) /\'^ V* (^i^ 
V C Li/\^;L{V;V)) is defined by b{R){Xu X2)iX3) = R{Xi,X2){X^) + R(X^,Xi){X2) + 
i?(X2,X3)(Xl).Then6:7^^7^, ^ . If G 7^, h{R) = ^tr{*R)*. Let t{R) = 
We denote by Sym{V) the space of symmetric endomorphisms of V and by SymQ{V) its subspace 
of trace-free endomorphisms. 

A complex 2-plane r of is said to be totally isotropic (t.i.) if g{v,v) = Vf G r. If (cj) is an 
o.n. basis and a = ei+ie2, 13 = e^+ie^, then r = span^{a,/3} defines a t.i. complex plane. Set 
R{ijkl) = R{ei,ej,ek,ei). The isotropic sectional curvature w.r.t ii G 7^ at r is given by (see 

K^sot{R){r) = ^^"|^^'^°||2^^^ = ^(i?(1313)+/?(1414)+i?(2323)+i?(2424)-2i?(1234)). (2.1) 

The Kulkarni-Nomizu product of (,,<p €z 0^ V* is a symmetric product defined by 

e • HX, Y, Z, W) = Z)cl){Y, W) + ^Y, W)ct>{X, Z) - i{Y, Z)<\>{X, W) - ^X, W)(I){Y, Z). 

We have Id = Id^2 = \g*g- If i? G L{f\^; LiV; V)) it is defined the Weitzenbock operator A{R) 

{A{R){X,Y),Z AW) := RicciR»g{X,Y,Z,W) +2R{Z,X,Y,W) -2R{W,X,Y,Z). 

li R G TZ then A{R) G TZ and A{R) = RicciR • g — 2R + 2b{R). In this case, Ricci a(r) = SRg, 
b{A{R)) = ib{R). Furthermore, if b{R) = 0, A{R) : A"^ ^ A^. Note that * G 7^, and if i? G 7^, 
then *R + R*, *R* still lie in TZ and *R — R* G TZ^. Straightforward computations shows: 

Proposition 2.1 Let R €z TZ and r = span(j{ei + ie2, 63 -|- ie4,} with ei, . . . , 64 an o.n. basis 
with orientation e. Kisot is computed at r. Then 

Ricciid^Sg s/d = 12 b{ld)=0 Kisot{Id) = l 

Riccif, = s* = &(*) = 3* Kisot{*) ~ 

Ricci^R^ = \sRg- RicciR s^r^ = sr 6(*i?*) = b{R) K^soti^R'^) = Kisot(R) 

RicciR,, ^ Ricci^R^t{R)g s,r ^ sr, = At{R) b{*R-R*) = K,sot{*R-R*) = 2{aR{MyaRiU)). 

For R,Q € L(A^ A^), and X,Y,Z,W eV we use the following notation: R{XAY)aQ{ZAW) = 
{R{X AY),{*Q){Z AW))Volv £ A^V* 

Definition 2.1 The Euler form X{R) and the Pontrjagin form pi{R) of R G L(A^; A^) 0,1"^ 
4- forms. ■ 

ATr'^X{R) = R{ei A 62) A R{e3 A 64) - R{ei A es) A R{e2 A 64) + R{ei A 64) A R{e2 A es) 

= \{R,*R*)Volv = \{*R,R*)Volv (2.2) 

47rV(^) = R{ei A 62) A R{ei A 62) + R{ei A 63) A R{ei A 63) + R{ei A 64) A R{ei A 64) 
+R{e2 A 63) A R{e2 A 63) -|- R{e2 A 64) A R{e2 A 64) -|- R{e-i A 64) A R{es A 64) 

= {R^,*R^)Volv = {R,R*)Volv (2.3) 
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Note that {R,Q) = {R^ ,Q^). Thus X{R^) = X{R), and pi{R^)-pi{R) = {R,*R-R*). 

A positive (/-ortliogonal complex structure J on y is a complex structure that induces the 
orientation of V and it is a linear isometry. Such structures are in 1-1 correspondence with the 
elements uj of A+ ^ of norm ^/2, by ijJj{X,Y) = g{JX,Y). The condition of orthogonality 
between two of such J is equivalent to the anti-commuting condition, for the multiplication of 
complex structures corresponds to the quaternionic multiplication of two unit pure imaginary 
vectors of R^. For each J and R G L{/\^; /\^) we define the 2-forms on V 

Riccij,R{X,Y) := {R{X AY),u;j) =Riu;j){X,Y) (2.4) 
^j{R){X,Y) := -\RicciR{X,JY) + ^RicciR{Y,JX) (2.5) 

If i? G 7^, then *j(i?)(X, F) = Ricci'^^''^\jX,Y). Usually Riccij^R is denoted by Riccu and 
named by star-Ricci but we do not use that notation to avoid confusion with the Ricci of the 
curvature tensor *. The star-scalar curvature is sj^r= 2{Riccij^R,Lijj) , and hj{R) G /\^V* is 
defined by bj{R){X, Y) = -\tr{Z Jb{R){X, Y){Z)). If P G Lj{V; V), that isPoJ = JoP 
then both the complex trace trj{P) and the complex determinant detj{P) are well defined. 
If Xi,Yi = JXi, X2,Y2 = JX2 is a real basis of V and for a = 1,2 denote "a" := Wa = 
i(X„ -iYa),_aj= Wa = W^, then trj{P) = EaW""^'(^«), detj{P) = det [W^ P^Wff)] where 
{W^,W^ = W^) is the complex dual basis of {VFa,WQ}, and P'^ denotes the complex linear 
extension of P to V^. If P G Lj{V;V) H A^ then {P,ujj) = trj{P). If P G L{l\^-Lj{V;V)), 
then R is said to be J -invariant. 

Definition 2.2 //(V, J, g) is Hermitian, the first and second Chern form ofR G L{f^; Lj{V; V)) 
w.r.t. J, are respectively 

ci(P, J) = -^Trj{R) C2(P, J) = -^detj{R)- (2.6) 

27r 47r^ 

It follows that, if P G L{S^;Lj{V;V) n A^) then ci(P, J) = ^Riccij^R, C2(P, J) = X{R), 
pi(P) = ci(P, J) A ci(P, J) - 2c2(P, J), and fej(P) = Riccij^R - ^'j. If P G 7^ and is J- 
invariant, then RicciR{JX, JY) = RicciR{X,Y), and ^'j(P)(X,y) = RicciR{JX,Y). 

We denote by E'j the rank 2 subspace of A+ V defined by the orthogonal complement of R{u)j} 

A+F = R{uj} e Ej, where = {tc; G A+^ : ^^(^^, = -^{X, Y)} 

and a canonic complex structure can be given to Ej: Juj{X, Y) = —lu{JX, Y). Let {ei, 62, 63, 64} 
be a d.o.n.b. of V, giving a corresponding o.n.b. V2uja- of A+ V, loi = ei A 62 + 63 A 64, a;2 = 

ei A 63 — 62 A 64, u;3 = ei A 64 + 62 A 63, and let Ja be defined by uja = g{Ja{-), •)• The 2-forms 
a;2,u;3 span Ej, and Juj2 = C03 corresponds to J1J2 = Js- Any such o.n. (of norm \/2) basis 
{oJi,oj2,^^3), where LV3 = "a;ia;2" defines a canonic orientation on A+ ^• 

3 Almost Hermitian 4-manifolds 

Assume (M, J, g) is an almost Hermitian 4-manifold with its Levi-Civita connection V, and we 
use the above notation taking V = TpM. (M, J, g) is said to be almost Kdhler if the Kahler 
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form ujj{X,Y) = g{JX,Y) is closed, and Kahler if ojj is parallel. The latter is equivalent to J 
to be almost Kahler and integrable. Since = —Id and J is (7-orthogonal, VX, y, Z S TpM 

VzJ{JX) = -JWzJ{X), g{VzJ{X),Y) = -g{X,VzJ{Y)). (3.1) 

We use the following sign for curvature tensors R{X, Y) = — Vx Vy + Vy Vx + V[x,y] ; VX, Y G 
TpM, and denote by R^^ the curvature tensor of M, Ricci^ = Riccij jiM , Sj^ = Sj jim, and 
by (•, •) the Hilbert Schmidt inner product on /\^TM*. The Weitzenbock formulae for uj read 
(see e.g. jH) 

Aujj = -trV^ojj + A{R^^){wj) (3.2) 
0=iA+||^j||2 = -{Aujj, Loj) + + {A{R'')coj, ojj). (3.3) 

Since ujj is a self-dual form, = H^wjU. Thus J is almost Kahler iff 5ujj = 0. In this case 

LVj is harmonic. If J is not Kahler we may use the canonical Hermitian connection (see |13p 

VxY = VxY-'^J{VxJ{Y)). 

This connection satisfies Vf? = VJ = 0, but has torsion T{X,Y) = —^JdJ{X,Y). This is a 
J7(2)-connection on M, and so its curvature tensor R is J-invariant. The Chern classes of M 
using R satisfy 2ttci{M, J) = Ricci j j^, and a direct computation shows that 

Riccijj^iX, Y) = RiccifiX, Y) + 7?j(X, Y), Sjj^ = sf + 2{t]j,loj) 

where rjj is the 2-form on M 

r^j{X,Y) = \{JVxJ,VYJ), (3.4) 

and the inner product is the Hilbert-Schmidt inner product on TM*®TM. If (M, J, g) is almost 
Kahler then (see [5j for a survey) 

VjxJ = -J{VxJ). (3.5) 

In this case T^'^<^^ = 0, and {rij,ujj) = — |||VJ|p. Furthermore, for almost Kahler J (see jU]) 

sf-s^^ = WVu^jf (3.6) 
47r(ci(M,J),u;j) = 2{R{u;j),ujj) = s^' + ^\\Vu;jf = l{sf + s^'). (3.7) 

We consider on Ej the induced connection V'^'^ from the connection V"*" of A+- 
Proposition 3.1 If {Ad, J, g) is almost Hermitian 

27rci{Ej){X,Y) = Riccif{X,Y)+r]j{X,Y) = 2TTCi{M,J) 
PiiAlTpM) = ci{Ej)Aci{Ej). 

Proof. Let ^ be a local d.o.n. frame of Ej, and {■)^-^ denote the orthogonal projection 
onto Ej. Since Hcl'jII = y/2 is constant, Vy wj is a section of Ej. Now, 

^y'^x's = {V^Vi'sf^ = {V+V+s-^{V^s,u;j)V^u;jf^ 
= (V^V+s)^-^ + V+u;j)V+u;j. 
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Thus 

R^'^iX, Y)s = (R+iX, Y)sf + V^ujj)V^u;j - V^u;j)V^ojj. (3.8) 

The curvature tensor of /\^ satisfies {R'^ {X,Y)uj2,ujs) = 2R^^ {X,Y)uj. Ej is a complex line 
bundle over M and so it has a (real) volume element VoIej- Using (3.1) we easily see that 
another way to express r/j is r]j{X,Y) = ^VoIej^Sx'^J^'^y'^j)- Then 

27rci(i?j)(X,y) := {R^-' {X,Y)^,^) = R^' {X,Y)u^j + r,j{X,Y). (3.9) 

Since C2{C{ujj} E"}) = ci{C{iOj}) A ciiE'}) - C2{E'}) and ci(^}) = we have jji(A+TM) = 
-C2{{AlTMy) = -C2{C{ojj} (B E^j) = ci{Ej)Aci{Ej). QED 

Remark 2. The canonical line bundle w.r.t J is the bundle /Cj = A^(^-^''^''^^)* = A^^''^'' of the 
complex 2-forms of type (2,0), and one has {A^TUf = C(wj) A^^'°^ A^°'^^- The bundle 
is isomorphic to the realification of the anti-canonical bundle /CJ"^ = A^'^'^'*- As a complex line 
bundle, u — > (cjc)*^"'^) is the complex isomorphism. Therefore, ci{Ej) = ci(/Cj^) = — ci(/Cj). An 
almost complex structure defines a canonic spin-c structure s = Pspin^M on M with canonic line 
bundle A^^'°^ and complex spinor bundle S = A^'^^*^=S+ 5", 5+ = A^°'°^+A^°'^\ 5" =A^°'^\ 
where TM acts by Clifford multiplication. The Chern class of s is also given by ci(/Cj). 

Finally we observe the following: 

Lemma 3.1 // Ji and J2 are two anti- commuting g-orthogonal almost Kdhler complex struc- 
tures on M , then J3 = J1J2 is also almost Kdhler iff g(S7 zJ2{X), JiX) = G TpM . That is 
the case if either Ji or J2 is Kdhler. In that case (Ji, J2, J3) is in fact an hyper-Kdhler structure. 

Proof. It is sufficient to find an equivalent condition for 610^ = 0. Using (3.1), (3.5), VX G TpM, 

Vj3xJ3(J3^) + VxJ3(^) = ^J^J,x{JlJ2){J3X) + Vx{JlJ2){X) = 

= Vj,J,xJl{J2hX) + Jl{S/j,J,xJ2{JzX)) + VxJl{J2X) + Ji{S/xJ2{X)) 
= -Jl{V.hxJl{J2J3X)) - Jl{Vj,J,xJ2{hX)) + VxJl{J2X) + Jl{VxJ2{X)) 
= Vj,xJl{JlJ2hX) + Jl J2(Vj,X J2(J3^)) + VxJl{J2X) + Jl{VxJ2{X)) 
= -Vj,xJl{X) + VxJl{J2X) - JlVj,xJ2{J2hX) + Ji{VxJ2{X)) 
= ( - Vj,xJl{X) + VxJl{J2X)) + Jl( - Vj,xJ2{JlX) + VxJ2{X)) 

Using (3.5) from duJi{X , J2X , Z) = VX, Z, we have g{-Wj^xJi{X) + W x Jii-hX) , Z) = 
—g(WzJi{X), J2X). If X is a unit vector of TpM then X, JiX, J2X, J3X is an o.n.b. Hence 

-g{6.h, Z) = g{Wxh{X) + ^73X^3(^3^) + Wj,xh{.hX) + Wj.j.xUhJiX), z) = 
= -g{VzMX),J2X) - gi-Vj,xJ2{JiX) + \/xJ2{X),JiZ) 

-g{VzJi{JiX), J2J1X) - g{-VxJ2{X) + Vj,x ^2(^1^), J^Z) 
= -g{VzJi{X),J2X) - g{JiVzJi{X),JiJ2X) = -2g{VzJi(X),J2X). 

Assume that at a given point VX(po) = 0. Thus at pQ, g{\^zJiiX), J2X) = g(S/z{JiiX)), J2X) 
= -g{JiX,Vz{J2{X)) = -g{JiX,VzJ2{X)). Hitchin (p^, lemma (6.8)) proved that hyper- 
almost-Kahler structures are in fact hyper-Kahler. QED 
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4 The irreducible components of R e71 

TZ has an orthogonal decomposition TZ = (Bf^iTZi into 0(y)-invariants subspaces (|2S]), where 

7^l = (Ker b)^ = {R : = 0} = {R : R = A*} C Ker Ricci C Ker tr 

7^2 = (Ker tr)^ = {R = \Id} 

7^3 = {Ker b) n {Ker Ricci) = {R : *R = R*,tr R = tr * R = 0} 

7^4 = {Ker b) n {Ker Ricci)^ = {R *R = -R*} 

and they can be characterized in terms of the sectional and Ricci curvature. Set B := Ker b = 
© T^3 © T^i- We also have the following characterization using Kisot- 

Proposition 4.1 If R^IZ and h{R) = then Kisot = iff aR{P) = -aR{P^) VP. Hence, 

7^4 = {i? : h{R) = 0, aR{P) = -aR{P^) yP} = {R^B: K.^ot = 0} = Sym^{V) • g 

and (j) ^ (j) • g is an isomorphism from SymQ{V) onto TZ^. 

Proof. In it is proved the first equality of 7^.4, and that the elements of this set satisfy 
R{P,P-^) = 0. Now it turns out that this condition and (Jr{P) = —aR{P-^) is equivalent 
to Kisot = 0. We prove the less obvious implication. Kisot = means that for any o.n.b. 
X, Y, Z, W, 2R{X, Y, Z, W) = R{X, Z, X, Z) + R{X, W, X, W) + R{Y, Z, Y, Z) + R{Y, W, Y, W). 
Setting P = span{X, Y} and replacing X by —X we conclude 
R{X, Y, Z, W) ^ R{P, P^) 

R{X, Z, X, Z) + R{X, W, X, W) + R{Y, Z, Y, Z) + R{Y, W, Y,W) ^{X, Y, Z, W). 

From ^ ^(X, F, Z, W) = F, X, W) = X, W, Y) we have = ^{Z, F, X, W) F, Z, W) 

+'^{Z,X,W,Y) = 2R{Z,W,Z,W) +2R{X,Y,X,Y) = 2a r{P^) + 2(t r{P) . For a proof that 4>^ 4>»g 
defines an isomorphism see e.g. j2Sl- QED 

Let (f) G Symiy), and Ci a d. o.n.b. of eigenvectors of with corresponding eigenvalues 
Aj. Then Ci A Cj with i < j are the eigenvectors oi cj) • g {(j) • (p resp.) corresponding to the 
respective eigenvalues Aj + Xj (2AjAj resp.). Let = ei A 62 ± 63 A 64, = ei A 63 =F 62 A 64, 
A3 = ei A 64 ± 62 A 63. We have: 

{(l)*g{At),Ap = 6a^tr{(l)) • 5(A+), A^ ) = ,5i^(Ai + A2 - A3 - A4) 

(</..5(A+),A^) =52/3(Al + A3-A2-A4) (</'»5(A^),A;^) =<53/3(Ai+A4-A2-A3) 

{4> • <t>{Af),Ap = 26ip{XiX2 + A3A4) (0 • 4>{At),A'^) = 26ip{XiX2 - A3A4) 

(,/..0(A±),A±) = 2<52/3(AiA3 + A2A4) (0 . ,^(A±), A|) = 2,52/3(AiA3 - A2A4) 

(,/..0(Af),A±) = 253/3(AiA4 + A2A3) (0 . 0(Af ), A|) = 253/3(AiA4 - A2A3). 

Lemma 4.1 {(p • g)^ = ^tr{(j))Id^±, and tr{(t) •</>) = Y,i<j 2XiXj = 2a2{(j))- 

Lemma 4.2 Let G SymiV) and = J2ij ^j)S,{ei, ej) where Cj is an o.n.b. of V . 
Then 

^•(peB tr{ct>» g) = {Id,cl)» g) =3tr{(l)) 

(</> • 5, C • 5) = 2((/', + tr{(t))tr{i) *(0 • 5)* = ltr{(l))g • g - (f) • g 

Ricci^,g = Tr{(j))g + 2(j) s^,g = Qtr<t) 
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Proof. The equahties are proved using the eigenvalues Aj and eigenvectors Cj of (p. Since both 
P = ej A Cj and P^ are eigenvectors of R = g, then has the same eigenvalues A'j + A^- as 
R. Namely, if (ijkl) is a permutation of 1234, A^ + A^- = J2s^s — {\ + ^j) = tr{(f>) — (Aj + Xj) = 
Xk + Xi. QED 

U R eTZ, then Pi = ^t{R)* = ^tr{*R)*. For R e B we have the decomposition: 

P2 = j2tr{R)g»g = ^sng • g = ^srM (4.1) 
i?3 = ^{R + *R*) - ^tr{R)g» g = W = W+ + W- (4.2) 
P4 = = ^{RicciR~\sRg)»g. (4.3) 

W is the Weyl tensor. It apphes A± V into /\^ V, with W"*" and W" the self-dual and the 
anti-selfdual part respectively, i.e, they satisfy: * = W^* = =bW^. Furthermore P^ = 
+ ^Id^±, P1 + P;j; = \{Ricci — ^g) • g. From previous lemmas we have: 

Proposition 4.2 7^4 © 7^2 = 5'?/m(y) • 51, ond G SymiV) {(p • 5)2 = ^^^^5 •5, (0 • 5)4 = 



tr{<j>) . 
4 

tr((/>) N 



Lemma 4.3 Lei R^ B and 0, ^ G Sym{V). Then {R,(f)» g) = {Ricciji, (j)) , (*P*,(/>« 5) 
isRtr(0) - (PicdR,(/.), and (*0 • 5*, • 5) = 2(tr(/))2 - 2||0||2 = 2tr(0 • <^). 

Proof. Using the decomposition (4.1)- (4.3), lemma 4.2 and proposition 4.2 we have 

{R,(f>»g) = ^SR{g • g,(t)» g) + \{{RicciR~ \sRg) • g,(j)» g) 

= M*«(2(5>0) +'tr{g)tr{4>)) + {{RicciR - \sRg),4>) = {RicciR,(l)). 

(*P*, (f)»g) = {Ricci^R^,(f)) = {\sRg - Riccir, 4>) = ^Rtr^cf)) - {Riccir, 4>)- QED. 



Proposition 4.3 IfQ = R + (p»g, where R E B and (f) G Sym{V), then 

4Tr^X{Q) = 4n^X{R) + {^tr{ct))- {RicciR,^) + {tr{(l>)f-\\(l>f)volv (4.4) 

47rV(Q) = 47rV(i?)- (4.5) 
Proof. From lemma 4.3 

4Tr^{XiQ),Volv) = i(*Q*,g) = i(*P*,P) + (*P*,,/,. 5) + !(*(</.. 5)*, 0.5) 

= 4Tr\X{R), Volv) + ^tr(0) - {RicciR, 0) + {tr{(P))^ - Uf. 

Note that P = P^, Q = Q^- Using decomposition (4.1)(4.2)(4.3) and lemmas 4.2, 4.1, we have 

4Tr^{pi{Q),Volv) = {Q,*Q) = {R,*R) + 2{R,*4>*g) + {4>*gM»9) 

= 47r2(pi(P), Volv) + 2(>V, *(p»g) = 47rV(-R) + 2(*>V, 0*5) 

= 47r2(pi(P), Uo/y) + 2(>V+, (A • 5) - 2(>V-, • g) 

= in^ipiiR), Volv) + 2(>V+, ((/> . 5)i) - 2{W-, (0 • <7):) 

= A7r^{pi{R),Volv)+tr{4>){{W+,Id^+) - {W-,Id^-)) 

= 47r2(pi(P), Volv) + tr{(t)){tr{W+) - tr{W-)). 
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Since W and *W have zero trace, the same holds for and W leading to (4.5). QED 

Corollary 4.1 // Aj are the eigenvalues of (p then • g) =0 iff O"2(0) := J2i<j -^i-^j = 0- 

Proposition 4.4 If R £ B and A G i?, i/ien 

47r2;f (ii + A*) = A7:^X{R) + SA^FoZy 
47r2pi(i? + A*) =4tt^pi{R) +XsrVoIv. 

Remark 3. Using (4.1)-(4.3) one sees that for R £ B (see e.g. 0) 

87r2;f (i?) = (||i?2f + Paf - ||ii4f )V^oV 

4tt'^Pi{R) = {R3,R3*)Volv = (||W+f - \\W-\\^)Volv. 

The invariance of the Pontrjagin class under a conformal change of the metric now follows from 
the well known conformal invariance of the Weyl tensor, but we give a simple proof in Prop. 4. 3. 

5 Conformal change of the metric 

Let 5 be a Riemannian metric on a 4-dimensional manifold M and / : M — > /? a smooth map. 
We denote by V and V the Levi Civita connections of g and g = g with curvature tensors 
R^, R^ respectively Then VxY = VxY + S{X,Y) where S{X,Y) = ^{df{X)Y + df{Y)X - 
{X,Y)Vf). The curvature tensors R^{X,Y,Z,W) = g{R^ {X,Y)Z,W), and R^{X,Y,Z,W) 
= g{R^^iX,Y)Z,W) are related by 

R^'^{X, Y, Z, W) = e^ R^{X, Y, Z,W) + e^(p» g{X, Y, Z, W) (5.1) 

where cj) = l{ - l\\V ffg + ^df ^ df - Hess{f )) . (5.2) 

Let Hess{f){X,Y) = Vxdf{Y) = VydfiX) be the Hessian of /, Adf = {d5 + 5d)df = d6df, and 
S{df)(Y) = df{Ricci^^{Y)) = Ricci^^ {Y,V f), the Weitzenbock operator S on the 1-form df. 
We are using the following sign for the Laplacian of maps h : M ^ R, Ah = A+/i = —5dh = 
div{Vh) = tr{Hess{h)). Set W^^df = Vx(Vyd/) - Wy^ydf. 

Lemma 5.1 For all X,Y,Z £ TpM, pe M 

(a) V|yd/(Z)=V|^d/(y). 

(b) VlydfiZ) - VlxdfiZ) = df{R'HX,Y)Z) = VlzdfiY) - V^^dfiX). 

(c) Adf = -d{Af). 

(d) - iA||V/||2 = {Adf,df) - WHessifW " Ricci^ (V f,V f). 

(e) {Aff = -^A\\Vf\\^ + div{AfVf) + \\Hess{f)r + Ricci^{Vf,Vf). 
if) ||V/f Af = diviWVfW^Vf) - 2Hess{f)(yf,Vf). 



Proof. We may assume without loss of generality that = = = at a given pQ. 
From Vx i^zdfiY)) = Vx (Vyd/(Z)), we get (a) at po. At po 
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Vx (Vyd/(Z)) - Vy iVxdf{Z)) = 

= Vx (Vy - Vy iVx{df{Z))) - VxidfiVyZ)) + Vy(d/(Vx^)) 
= dfi-VxVyZ + VyVx^) = df{R'''{X,Y)Z). 

Thus (b) is proved. By (b), if ei, . . . , 64 is any o.n. frame of M with Vej(j)o) = 0, then at po 

dfiRicci'^Y)) = Y.^le4f{Y) - Vl,4f{ei) = Y.^le.df{Y) - Vy(A/). 

i i 

Consequently, by the Weitzenbock formula 

Mf{Y) = {(16 + dd)df{Y) = -{TraceV^df){Y) + S{df){Y) = -Vy(A/). 

So, we have proved (c). (d) is a well-known application of the Weitzenbock formula for 1-forms. 
(e) and (f) follows from previous alignments and that div{hX) = (X, V/i) + hdiv{X). QED 



Lemma 5.2 

H<^) = -i||V/f -lA/ (5.3) 

tr{^.^) = (tT{ct>)f-Uf = idit;((2A/+||V/f)V/- V(||V/f)) + ii?icd^(V/,V/) (5.4) 

^s^tri^)- {Ricci^,(P) = -\s^/\f -\Ricci^'{Vf,yf) + \{Ricci^\Hess{f)). (5.5) 

Proof. Let be an o.n.b. of TpM. We have 

tr(</>) = i(-||V/||2 + ^i4f(e,)d/(eO-//es.(/)(e„e,)) = -i||V/f-iA/ 

Uf = 'jWHessff + i||V/f A/ - \Hessif){Vf,Vf) + ^||V/||4. 

Thus 

(tr(0))2 - \\<pf = i(A/)2 + lllV/fA/ - i||FesK/)||2 + \Hess{f){V f ,V f). 
Using Lemma 5.1 (e) and (f) we get (5.4). Now 

\s^tr{(l)) - {Ricci"^ ,(t)) = 
= hs^\-k\\^ff - + |l|V/f s*'^ - ifficd^^(V/, V/) + \{Ricci'^',Hess{f)) 

= -^s^Af - \Ricci^'\Vf,Vf) + ^{Ricci^\Hessif)). QED 



We recall the well-known formula (see e.g. ^iSj) 6{Ricci^^ + s^-^ = 0, derived from the second 
Bianchi identity, where 6 is the formal adjoint to d for TM-valued forms on M. Now 

div{{Ricci^'f{Vf)) = Y.(^eAiRicci''f{Vf)),e,) 

= ^((Ve,(i?icd^O«)(V/),ei) + ((i?icd^)»(Ve,V/),e,) 

i 

= -{6{{Ricci^'^f),Vf) + {Ricci^^,Hess{f)). 
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Moreover, 5(Vs^% V/) = {ds^ , df) = d{s^ * df) + s^6df = div{s^Vf) - s^Af. Thus 

= g{S{Ricci^f + ^Vs^,Vf) 

= div{ - {Ricci^f{Vf) + \s^Vf) + {Ricci^,Hess{f)) - ^s^Af. 

So we have obtained: 

Lemma 5.3 {Ricci^ , Hess{f)) - Af = div{-\s^V f + {Ricci^fiyf)). 

Proof of Proposition 1.1. For each vector field Z on M wc denote Z = e ^Z. The curvature 
tensor R^^ of TM w.r.t the Levi-Civita connection of the Ricmannian metric g can be seen 
as a bundle map Q : t\^TM ^ /\^TM given by g{Q{X A Y),iZ A W)) = Q{X,Y,Z,W) 
= R^{X, Y, Z, W). Thus Q{X, Y, Z, W) = R^{X, Y, Z, W) + (t)» g{X, Y, Z, W), where (j) is given 
by (5.2). Therefore X{R'^) = X{Q) = X{R^ + (p* g)- Now we apply Proposition 4.3 and 
Lemmas 5.2 and 5.3 to obtain (1.2). Similar for pi{R^). QED 

6 Connections with torsion 

Let {M,g) be a manifold of dimension 4 and V be its Levi-Civita connection, and V' any 
other connection. Set T{X,Y) = V'xY - VyX - [X,Y], and S{X,Y) = VxY - VxY. Then 
T{X, Y) = S{X, Y) - S{Y, X). From V'xgiY, Z) = g{S{X, Y), Z)+g{S{X, Z),Y), we see that V 
is a 5-Riemannian connection iff g{S{X, Y),Z) = -g{S{X, Z),Y). Moreover V'= V iff T = 0, 
that is S{X, Y) = S{Y,X). li ( : TM E is a vector bundle map and E ^ M has a connection 

then dC = dS^C is a 2-form on M with values on E, dC{X, Y) = V#(C(1")) - V/(C(X)) - 
C{[X, Y]). Since V is a torsion free connection on M, dC{X, Y) = VxC(Y) - VyC(^)- We define 
S : TM L{TM; TM) and 5^ : TM L{TM; TM) by 

S{X){Y) = S{X, Y) S^{X A Y){Z) = S{X, S(Y, Z)) - S{Y, S{X, Z)) 

and take the exterior derivative dS : /\^ TM — > L(TM; TM), by taking the usual connection on 
L{TM-TM) w.r.t the Levi-Civita connection of M. We have 

R'{X A Y){Z) = R^{X A Y){Z) - dS{X A Y){Z) - S^{X A Y){Z). 

If V is i?-Riemannian then S,dS and take values on TM and {S{X) ,YAZ) = g{S{X,Y), Z), 

{S'{XAY),ZAW) = g{S{X,Z),S{Y,W))-g{S{X,W),S{Y,Z)) 

{R'{X AY),Z AW) = {R'^iX AY),Z AW) - {dS{X AY),Z AW) - {S'^iX AY),Z AW). 

7 Transgression forms 

Let (M, g) be a Riemannian manifold of dimension 4 with Levi-Civita connection V and let V' 
be any other y-Riemannian connection. We take vr : M = M x [0, 1] — > M the projection map 
Tr{p, t) = p and the connection Von -k'^TM given by V= tV-|- (1 — t)V', where V and V'are the 
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pullback connections w.r.t vr. For any vector fields X, Y, Z, W of M, map / : M x [0, 1] ^ -R and 
u G TpM, hGR, V(„,/,)(/7r-iy)(p,t) = df{p,t){u,h)Yp+f{p,t)\/uY^p)+tf{p,t)Sp{u,Yp). Thus 

^A^x,o)i^-'Y) = Vdin-\VxY)+t7:-\S{X,Y)))=SiX,Y) 

dt dt 

and assuming at a given point p, V5j, = VZp = 0, then at (p, t) 

V(x,o)V(y,o)(^~'^) = VxVyZ + tVxS{Y, Z) + t'SiX, S{Y, Z)). 

Therefore, the curvature tensor of 'k~^TM with respect to this connection (Riemannian w.r.t 
TT'^ff), k ■■ A^TT-'^TM ^ /\^TM R{Tr-'^Z,Tr-^W){X,Y) =: R{X ,Y ,tt-^ Z,Tr-^W) satisfies 

R{X,Y,Z,W) = R^\X,Y,Z,W) -tdS{X AY){Z AW) -t'^S^iX AY){Z AW) 
Rii,Y,Z,W) = -S{Y){ZAW) 

with dS = d^S where V denotes de induced connection on f\^TM by V. Let 61,62,63,64 be 
an d.o.n.b. of TpM = (7r-^TM)(p,t). The definitions of X{R) and 7ri(^) are the 4-forms on M 

X{R) = ^ -^Eiei A ej) A R{*ei A ej) pi{R) = ^ -^Ri^i ^ ^3) ^ M^^i ^ ^j)- 

For C:^^ V and -ReL(A^ V; V),we define a 3-form 

(C A R){X, Y, Z) := {C{X),R{Y, Z)) + {aZ),R{X, Y)) + {aY),R{Z, X)). (7.1) 
Now we compute X{R){f^,X, Y, Z). 

87r^XiR)if^,X,Y,Z) = 
= E ( (^(i. A ej){R{Y, Z), *e, A e,-) - {R{i,Y),ei A ej){R{X, Z), *e, A e,-) 

^ Y), *ei A e,) + {R{Y, Z), a A e,)(^(|, X), *ei A e,) 

-{RiX, Z), ei A ej){R{i,Y), *ei A ej) + {R{X, Y),ei A e,)(^(|, Z, *ei A e,) ) 

= ^ 2( -S{X){e, A ej){(R^{Y, Z), *e, A ej) - t{dS{Y A Z), *e, A e^) - t^{S^{Y A Z), *e, A Cj)) 
'^■^ +S{Y){e^ A ej)((i?^(X, Z), A e^) - t{dS{X A Z), A e^) - ^^(^a^jj^ ^ ^ g^.^) 

-5(Z)(e, A ej)((i?^(X, F), *ei A e^) - t{dS{X A F), *ei A Cj) - t^{S^{X A y), *e» A Cj)) ) 
= -2{S A*{r^' -tdS-t^S^))iX,Y,Z). 

Similarly, ATr'^pi{R){f^, X,Y, Z) = -2{S A {r'^ - tdS - eS^)){X,Y, Z). Integration over [0,1] 

gives: 

Proposition 7.1 If [M^g) is an oriented Riemannian manifold of dimension ^ with Levi-Civita 
connection V, and Vx^ = Vx^^ + S{X, Y) is a g-Riemannian connection on TM with torsion 
T{X, Y) = S{X, Y) - S{Y, X) and curvature tensor R! , then 

X{R!) = X{R^)-^^d{{SA*{R^ -\dS-\s'))) (7.2) 

p,{R!) = p,(R^)-2_d{{SA{R''-ldS-ls'))). (7.3) 
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Remark 4. The Chern-Simons transgression formula is a particular case of the following fact: 
If is a closed fc-form on M x [a,b] and ipt = i^ip, where it : M — M x [a,b], it{p) = 
{p,t), then ipb — fa = dT where T is the {k — l)-form on M given by: T(Xi, . . . = 

8 Singular connections 

Let {M,g) be a Riemannian 4-manifold with Levi-Civita connection V and ^g, V^) a Rie- 
mannian vector bundle of rank 4 and Riemannian connection and assume there exist a vector 
bundle map $ : TM E that is conformal with gE{^{X),^{Y)) = h{p)g{X, Y) MX, Y G TpM, 
where /i : M — > is a smooth non-negative function with zero set E. On TM we have a 
degenerated metric g = hg, with Levi-Civita connection V, defined on M ~ S and let V be 
the ^-Riemannian connection on TM, defined along M ~ S, and that makes $ : TM E & 
parallel isometry. We define S{X, Y) = VxY - VxY, S'{X, Y) = V'xY - VxY, and S{X, Y) = 
V'xY - VxY = S'{X,Y) + S{X,Y). The connection V satisfies <^>{VxY) = V#(^>(y)), and 
may not be smoothly extended to S, defining a singular connection. But the curvature tensor 
R' : TM TM satisfies 

R'{X, Y, Z, W) = g{R'{X, Y)Z, W) = hg{R'{X, Y)Z, W) = Y)Z), ^{W)) 

= gE{R''{X,Y){^{Z)),^{W)) = R^{X,Y,^{Z),^{W)) 

where R^ : f\^TM /\^ E is the curvature tensor of {E, gE,\^^)- The above equality means 
that we can smoothly extend R' as a 4-tensor to all M, defining it to be zero along E. Moreover, 
we can define X{R') as X{R^) on all M, and similar for pi[R'). Note that the star operator 
* : A^ TM A^ TM is the same for any conformal change of the metric. Now we have 
^S{X,Y)) = ^VxY) - ^VxY) = V#($(r)) - ^VxY) = Vx^{Y). Therefore 

s = ^~^oV^ r = $-^od$ (8.1) 

S' = S - S = ^-^ oW^ - idlog/i Id + iff (g) Vlog/i (8.2) 
and the torsion T' = T. From the two previous sections we obtain the formulae in Theorem 1.1. 

Proposition 8.1 In the condition of Theorem 1.1, if c?$ = 0, then X{R^) = X{R^'^) + 
32^(izUg(P(V log /i))FoZm and p\{R^) = p\{R^). Moreover, in this case, 6^ = iff h is 
constant, and so X{R^) = X{R^). This is the case when $ is harmonic and M is compact. 

Proof If d$ = 0, from (8.1), T' = T = 0, and so V'= V. Hence, S' = 0, that is ^-^Vx^{Y) 

= ^dloghiX)Y +^dlogh(Y)X -iff(X,y)Vlog/i. Thus, <^>-^{6<i>) = Vlogh, and so 5$ = 
iff h is constant. In this case X{R^) = X{R'^'^), pi{R^) = pi{R^). If M is compact and $ is 
harmonic, A$ = 0, then ci$ = and (5$ = 0. QED 

9 nomotopic almost complex structures 

In this section we consider a connected compact oriented Riemannian 4-manifold (M, g) with 
its Levi-Civita connection and we investigate obstructions for two g-orthogonal almost complex 
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structures to be homotopic. This has been studied in 10 , in a different context, using shadows. 
We will use our framework. If Jq and Ji are two positive (7-orthogonal almost complex structures 

Ji = cose{p)Jo + H{p) = cos 9{p) Jo + sme{p)H{p) (9.1) 

where 9(p) E [0, vr] is the angle function between Jq and Ji, uniquely determined by the smooth 
function on M cos 6{p) = i(a;j(j, wj^), and H{p) is a smooth section on Ej^ defined on all M. Its 
normalized section H may not be defined at the zero set Z = 'SUT oi H , where T, = JiD—Jq = 
{p £ AI : Ji{p) = —Jo{p)} is the set of anti-complex points and T = Ji H Jq = {p £ M : Ji{p) = 
Jo(p)} is the set of common complex points. Any existent homotopy from Jq to Ji along g- 
orthogonal almost complex structures must be of the form Jt{p) = cos9{p,t)jQ{p) + H{p,t). If 
S = then H(p) only vanish at points p with 9{p) = 0. In this case Ji is homotopic to Jq. For 
example, we may take 

HiP,t) = ^ '^r.t:7iT^ ^(P) =■■ ^^Oip,t)Hip) = g^^^(p) (9.2) 
cose{p,t) = l-t{l-cose{p)) (9.3) 
= cose{p,t)jQ + H{p,t) = cose{p,t)jQ + sm0{p,t)H{p). (9.4) 

Note that in this case cos 9{p, t) is smooth on M x [0, 1], H smooth on Mx]0, 1] and continuous 
on M X [0,1], but not necessarily smooth, since ''g°fg('p)^ may only be continuous at t = 0. If 

2 

we reparameterize t on (9.2) and (9.3) by a smooth function T(t) with T(t) = e~~, t(0) = on 
a neighbourhood of t = 0, then Jt becomes smooth at t = 0. Note also that sm9{p,t) = 
(norm in /\^) may only be continuous for p £ T U T,. Hence, we have: 

Proposition 9.1 Any two positive g-orthogonal almost complex structures, everywhere linearly 
independent, except at common complex points, are homotopic. 

Nevertheless, for generic Ji such set S is a smooth surface. In fact (see jlO') any almost complex 
structure J can be seen as an embedded 4-submanifold J{M) into the 6-dimensional manifold 
U/\\TM, the total space of the sphere bundle (of radius \/2) of /\1tM, hy p ^ {p,LOj{p)). 
Since S is the intersection set of Ji(M) with — Jo(M), this is a surface for generic Ji. Moreover, 
an orientation, depending on Ji and Jq, can be given on each connected component of S ( 10 ). 

S can be seen as an obstruction to the existence of a homotopy from Jq to Ji, but we can 
always consider a smooth family of ^f-orthogonal almost complex structures Jt, defined away 
from S as in (9.4). Then we consider an almost complex structure J on 7r~^r(M~ S), where 
vr : M X [0, 1] — > M, 'K{p,t) = p, defined by J[p^t) = [Jt)p- Let cD(p,t) = (wjjp = wj, and define 
the bundle E = Ejhy E^^p^t) = {Ejjp =: {Et)p. Then ■r-'^ TM = Rid®E. For XeTpM we 
have Vp^ o)Wj(p, t) = Vjs^wj^, where is the pullback connection on tt~^ /\^ TM, and for / a 
function on M x [0, 1] and s a section oi /\ItM, Vfx,o)if'^'^s){p,t) = Vf '(/(•, t)s). Moreover 
R+{f^,{X,0)) = i?^'^^[°'il(^,(X,0)) = 0, where now V+ denotes the induced connection on 
TT^^ /\2 TAI and is its curvature tensor. Similar equations to (3.8) and (3.9) hold replacing 
J by J, and one has for X,Y £ TpM, rjj{p, t){X, Y) = r]j^{p)(X, Y). Therefore 

ci(^)(p,t)((X,0),(y,0)) = ci{Et)p{X,Y), (9.5) 
ci(^)(p,t)(f,(^,0)) = ±^r^j{p,t){i,{X,0)). (9.6) 



Salavessa-Pereira do Vale 



17 



So we have a closed 2-form ci{E) on (M ~ E) x [0, 1] with i|ci(^) = ci{Et) where it{p) = (p, t). 
Prom Prop. 3.1 and remark 4 of section 7 we have proved a first conclusion: 

Proposition 9.2 If Jq and J\ are two positive homotopic g-orthogonal almost complex struc- 
tures on M, then as real cohomology classes ci(M, Jq) = ci(M, Ji). In particular, if H^{M; Z) 
has no torsion ( for example M is simply connected) then Ej^ and Ej-^ are isomorphic complex 
line bundles over M. 

At p ^ S U r we define, uJ2{^)p = H(jp), a;3(0)p = Jo{p)H{p), a;i(0)p = loq- Then uJi{t)p 
:= Cj{p,t) = cos^(^?, t)a;i(O)p + sin0(p, t)a;2(0)p, and a d.o.n.b. (of norm \/2) of E(^ f^ is given by 



Thus, 



^2it)p = - Sme{p,t)ui{p)p + cos 9{p,t)uJ2{^)p, U}2,it)p = W3(0)p. 

^{Xfi)^M = cos^(p,t)Vi^a;i(0)p + sin^(p,t)Vla;2(0)p 

+d cos e{p,t) {X, 0)a;i (0)p + d sin e{p, t) {X, Q)uj2 (0)p 
VtcD(p,t) = ^cos0(p,t)a;i(O)p + ^sin0(p,tV2(O)p 

dt 

vjii,{x,o)) = ^voi^(ylcjy^^^,^u;ip,t)) = 

dt 

= ( - sin 6'(p, t) ^ cos e{p, t) + cos e{p, t) ^ sin 6'(p, t)) 

■{cose{p,t){VxJo,JoH{p)) + sm9{p,t){VxH,JoH{p))) 

where VxJ is the covariant derivative in SkewiTM) and (, ) is half the usual Riemannian metric 
on that vector bundle (that corresponds to the Riemannian metric of f^TM). For simplicity 
from now on we will denote by V the connection V"*" of /\^ TM. Note that 

- cos OsmOj^ cos 6 + cos^ 0^ sin 6* = -5 sin 6* cos^ 6* + cos^ 6*^ sin 6* 
= I sin 6*^ sin^ 6 + cos^ Of^ sin 6 = sin^ 6*^ sin + cos^ 6*^ sin 6* = ^ sin 6. 

Similarly cos 6 sin 9-^ sin 9 — sin^ 9-^ cos 9 = —j^ cos 9. Consequently 

ci{E)ij,,t){iAX,Q)) = - icos9{VxH,JoH) + ism9{VxJo,JoH)) (9.7) 

and we have got the following formula: 

Proposition 9.3 // Jq and Ji are two g-orthogonal almost complex structures on M , with 
Ji = cos 9 Jo + H where H € C°°{Ejg), then 

47r(ci(M, Ji) - ci(M, Jo)) = df -\- dG (9.8) 

where T and G are 1-forms on M , G globally defined on M and T defined away from S by 

yXeTpM f{X) = ——^——-{VxH,JoH), G{X) = {VxJo,JoH). (9.9) 

(1 + cos^(p)) 

where now {,) is the usual inner product ofSkew{TM) C TM*®TM (twice the one of t\\TM). 
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Proof. We apply remark 4 of section 7 to ci{E) given by (9.5), (9.6), and satisfying (9.7), smooth 
on (M ~ S U r) X [0, 1], obtaining T{X) defined for p ^ E U T, 

T{X) = Att j\i{E)ii,{X,0))dt = j'-icose{p,t){WxH,JoH) + isme{p,t){WxJo,JoH) 
= (1 - cose{p)){VxH, JqH) + sme{p){VxJo, JqH) = f{X) + G{X). 

T can be smoothly extended to T. T may not be defined at S, but G is smooth on all M. 
QED 

Corollary 9.1 

/ ci(M,Ji)Aci(M,Jo) = / p^{/\lTM) - f d{fAd{f + 2G)). 

Proof. From Prop.3.1. 167r2(ci(M, Ji) - ci(M, Jq))^ = IOtt^ (2pi (A+ TM) - 2ci(M, Ji) A 
ci(M, Jo)). Now formula of Prop. 9.3 gives 

ci(M, Ji) Aci(M, Jo) =pi{l\\TM) - ■^^d{fAdf + GAdG + 2fAdG). QED 

Proof of Theorem 1.2. Recall that ooq is a closed 2-form. Prom Prop. 9. 3 

47r(ci(M, Ji) -ci(M, Jo)) Awo = df A + dG A = d{f A oJo) + d{G A uo) . 

Since f A is a 3-form, d{f A ujq) = -div{{*{f A loo))'^)voIm, where ★ : TM* TM* is 
the star operator. Now uq = e}^ + where 62 = JqCi, 64 = JqCs, and so 

*(rAu;o) = *(r(e3)ef2+T(e4)ef2 + r(ei)ef^ + f(e2)e234) 

= -f (Joe4)ef - T( Joe3)e^ - f{Joe2)el - T( Joei)ei = -TJq. 

Consequently, Att{ci{M, Ji) — ci(M, Jq)) Aujq = div{{TJo)'^)VolM + d{G A cjq). Integration over 
M and Stokes on the second term leads to the first equality of Theorem 1.2. Assume W^'^^H is 
anti- Jo-complex, that is Vj^^^iJ = — JoV^j^ °iJ. Then, 

(1 + cos0)f(Jo(X)) = {Vj,xH,JoH) = {Vf^'°H,JoH) = -{VxH,H). 
Wc have H = sinOH and {VxH, H) = 0. Thus, {WxH, H) = \dsm^ 9{X), and so, div{{fjQf) = 

Idiv(^f^). Now = 2sinecosgVe ^^^^ 

2 \(l+cos6')/ (1+COS0) 1+cosS ' 



2 sing cose _ 4 sin f cos I cose _ 6> „„„ ^ _ 9 „„„ e\_cos0 _ /o „• 6 „„„ e^fn 1 

l+cosS - 2cos2| ~ ^tan2C0S(y - (^sm 2 cos 2j^;^;p-r - i^sm2 COS gj^^ - -^^^J 

= (4sin|cos| -2^) = (2sin^-2tan|) = (2sine- 

\ ^ -i cos f ^ ^ ^ / \ cos I 

That is ^gi^Jly = V ( - 2 cos 6" + 4 log I COS f I ) , where 6* G [0, tt] , obtaining 

dz^;((f Jo)«) =-ldi^(^^^^) = A(cos0-21og(cos^)). 
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Since log(cosf) = ilog(i±f^) = i(log(l + cos 6*) - log(2)), integration over M of (iw((fjo)S) 
and Stokes on the first term Acos0 gives formula (1.4) in the Theorem. 

Now assume E is a finite disjoint union of connected compact and orientable submanifolds Sj of 
dimension di < 2. Then for a sufficiently small tubular neighbourhood of S, V{T,) = IJj V{Y,i), 
d{M ~ F(S)) = Uj — dV{Tii). Below we specify such tubular neighbourhood. For notational 
simplicity we assume S = Sj. 

For each r > 0, let Gr and C,. be the subsets of the total space iVS of the normal bundle TS"*- 
of S in M given by 

Gt = {{p,w) : p £ T.,w £ TpT,-^ , \\w\\ < r}, Cr = {{p,w) : p £ T.,w £ TpT,-^, \\w\\ = r} 

and for r sufficiently small (say r < tq < 1) the exponential map of M restricted to Gr, denoted 
by exp : Gr — > M, exp{p,w) = expp{w) defines a diffeomorphism onto V{Tj,r) = {q £ M : 
d{q, S) < r} and C(S, r) = {q £ M : d{q, S) = r} is its boundary. Let S{p, r) denote the sphere 
of radius r in TpS"*-, a{q) = d{q, S), and for each w £ TpT,-^, 7{p,«,)(?') = expp{rw) is the geodesic 
normal to S, starting at p with initial velocity w. Thus, s{p,w) := a{exp{p,w)) = \\w\\, is just 
the Euclidean norm in TpS"*". Since NT, is the total space of a Riemannian vector bundle, then 
it has a natural Riemannian structure such that vr : NT, — > S is a Riemannian submersion. 
The volume element VoInt: for such metric satisfies VoInt;{p,w) = Volj:{p) A ds{p,w) and 
yo/c',,(p, w) = Vol^{p) A Vols(p^r){w), where r = For each u £ S{p,l) define i?u(r) = 

{VolNs{p,ru), exp*VolM{p,ru)) . This function ??«(?') measures the volume distortion by exp 
in the direction u. It satisfies i?u(0) = 1 and a Riccati differential equation. We recall the 
following (see [H]): (1) u{q) = Va{q) is the unit outward of G{T,r), (2) i^{j(p^u)ir)) = 7(p,„)('^): 
(3) ds A *ds and da A *da are the volume elements of NT and M respectively. (4) *ds and 
*da are the volume elements of each hypersurface Gr of NT and G{T, r) of Af respectively, and 
exp*(*da)(p,w) = i} 2iL(r)(*ds)(p, w) , where r = \\w\\. We have 

/ - -3- A log(l + cos 6')yo/ A/ = lim / --^-A log(l + cos 6l)yo/M 

Jm 47r e^o JM^vCs.e) 47r 

= lim / — (V(log(l + cos6')),i/) *dcr = lim / — (exp)* (d(log(l + cos + * da) 

^^oJc{E,t) 47r OJCj 47r ^ ^ 

= l^oi i( /,(,,if ^"^^^ ^L=,log(<Afe„)(r))d5(p,i)(^))ds(p) (9.10) 

where 4'{p,u)i''') = (1 + cos 0)(7(p „)(r)). The function k{p,u) = the order of the zero r = of 
(/)(p,^)(r), is defined in the total space of N^T with values in [l,+oo] and satisfies K,{p',u') < 
k{p, u) for all (p', u') in a neighbourhood of (p, u). In particular it is upper semi-continuous, and 
so it is mensurable. Now we have for = k(p, u) < +oo and VO < e < ro 

/ </'(p,a)(e) = e''{A{p,u) + eB{p,u,e)) (9.11) 

1 d^ (1 - s)^ d'^'^^ 
where A(p, n) = -^(A(p,„)(0) / 0, B{p,u,e) = J — —^(^(^^^^(se)^^ (9.12) 
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e— log(0( )(e)) = e ^ ; = Ac(p,u) +e— g (9.13) 

de <A(p,«)(e) A{p,u) + eB{jp,u,e) 

Assume that for almost all {u,p) € A/^^E, k{p,u) < +00. Then 

(9.10) = Um i- / f .(p, „) + '^(^fa". ^H^Bfa ^0 ) (<,.14, 

^-^0 Att J S(p,l) \ A{p,u) +€B{p,U,€) J ^ 

and for almost all {u,p) 

e^o ^ A{p,u) + eB{p,u,e) ' 

In order to interchange lime^o with we need some conditions to be satisfied. Under 

the assumption of controlled zero set, and if < 2, we may apply the dominate convergence 
theorem to (9.14), and only the terms with dj = 2 do not vanish. The last inequality follows 
immediately from (3.7). QED 

Proposition 9.4 Assume S = USj as in Theorem 1.2. Then (1 + cos0) has controlled zero set 
if{l), or (2) holds: 

(1) K € L^{N^Y?) and there exist a constant ro > 0, and non-negative functions h, d on A^^E with 
h/d G L-'^(A^-'^E) such that for almost all {p,u) G A^^E, |yl(p, u)| > supf.<,.|j |fr^pJTr'/'(p.M)(^)l + 
d{p,u) and sup^<^^ {l M|Sr'^(p,«)(r)|, | ^|Si'^(p,„)(r)| } < h{p,u), where k = k{p,u). 

(2) For all (p, u), </>(p^u)('^) polynomial onr £ [0, rg] with coefficient A{p, u) uniformly hounded 
away from 0, i.e. \A{p,u)\ > c \/{p,u), where c> is constant. 

Proof. (1) For a.e.(p,n), and for < e < ro, \A{p,u) + eB{p,u,e)\ > \A{p,u)\ — €\B{p,u, e)\ 
> \A{p,u)\ - supr<rQ\^jp;rn-(l){p,u){r)\ > d{p,u). Moreover e\Bip,u,e) + ej^B{p,u, e)\ < h{u,p). 
Therefore |(9.13)| < k{p,u) + , what implies that (1 + cos 6*) has a controlled zero set. 
(2) Let ro > sufficiently small s.t. all geodesies 7(p,„)(e) are defined for < e < rQ. In 
this case k takes only finite values, and since it is u.s.c, it has a maximum ko in A'^E^. Then 
we may take C := T,^,<ko ^(^X(p,u)eNE\e<co \ (^liy, dri^+\ (t>ip,u) Then we can find eo > s.t. 
\A{p, u) + eB{p, ti, e)| > I for all e < eo and all {p, u). QED 

Corollary 9.2 If Jq and Ji satisfy the conditions of the last part of Theorem 1.2, then: 

(1) (/jv^ ||ci (M,Ji) II Vo/m)^ > ^ r!M{s^+\\\^M'')yolM, with equalUy iff ci{M,Ji] 

4V27r(y oi(M)) 5 

= fujQ for some smooth function f : M ^ R. 

(2) //, ci(M, Ji) is -orthogonal to ujq then fj^ s^VoIm < and jj^ s^^VoIm < — Jm s^VoIm- 
If Jj^ s^VoIm = then Jq is Kdhler. 

Proof. From last inequalities of Theorem 1.2 we clearly obtain (1). Moreover, we have > 
/j^(s^ + i||Va;o|P)^oZM- In particular s^VoIm < 0, and using the equality (3.6) , and that 
<sf, we obtain the proof of (2). QED 

Remark 5. If M is a surface and / : M — > ii is a function of absolute value type at a zero p 
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(|llj). i.e. locally = |2:|'^'(/'(2:) where z is an isothermal coordinate around p, and ip{z) > 0, 

then k{p, u) = k forall u. We also say that p is a zero of homogeneous order k. 

Remark 6. Assume Jo is almost Kahler. Note that if Jo is Kahler, E'jp is a parallel subbundle 
of A+TM. If^ is a non-zero parallel section of A+ TM then by lemma 3.1 M is hyper-Kahler, 
with respect to (Jo, Ji = H). If is a parallel section of Ej^, then Ji is Kahler iff Jo is so. 

Proof of Proposition 1.2. Since Jq is Kahler, ujq is parallel and so harmonic, and the Weitzenbock 
operator satisfies A{u)q) = (see (3.2)). Since Ji is almost Kahler, then uji is harmonic. Po- 
larization of the Weitzenbock formula (second equality of (3.3)) and using the fact that A is a 
symmetric operator, gives 

A+((a;o,u;i)) = -(Ac^o,'^i) - {ojq, i^oJi) + 2{Wujq,Wuji) + {A{ujq),ui) + {ujo,A{uji)) = 

that is, cos9 is an harmonic function. Since M is closed cos^ is constant. If cosO ^ ±1 Prop. 
9.1 gives the homotopy, and orthonormalization of Gram-Schmidt of loq, oji gives two self-dual 
2-forms ujq and uj'i that correspond to two (j(-orthogonal complex structures Jo, Kahler, and Ji, 
almost Kahler, that anti-commute. Lemma 3.1 proves Proposition 1.2. QED 



10 Applications 
10.1 Surfaces 

(1) Let {M,g) be a compact Riemann surface of Gauss curvature K. If ^ : [/ C C — > M is a 
conformal coordinate with g = }? <, > where is the conformal factor, then K = — ^Alog 
and the Euler number of M is X{M) = ^ fj^KVolg. If we take a conformal change of the 
metric g = hg where /i is a non-negative smooth real function, then Volg = hVolg, and ^ is still 
a conformal coordinate for M = {M,g) with conformal factor hX^. Hence 

K = -iAlog/iA^ = -i(/i"iAlog/i + /i-iAlogA2) = -^h-^Alogh + h-^K 

X{M) = X{M)- — [ iA log /iyo/„ (10.1) 
27r Jm 

If on a isothermal coordinate of each zero or infinity of /i, h is of the form h{z) = \z\^il!{z) where 
7^ 0, oo is a smooth function and k G Z, h is said to be of absolute value type at those points 
(see remark 5). In this case 

/ Alos: hVol„ = number of zeros of /i — number of infinities of /i (10.2) 

where the zeros or infinities of h are counting including multiplicity (see [11])- 

(2) Consider a : 5^ — > the stereographic projection, (/)(a;o, xi, X2) = u> = (xi, X2), then 
a defines an isometry between ~ (1,0,0) with the metric hgs and with the Euclidean 
metric go, where h = and gs is the usual metric of S^. Since (-R^,go) is a flat space, its 
Euler form is a zero form, and so = X{R'^) = X{S'^) — ^( number of infinities of h). Note that 
j^{xo,xi,xs) = (1 — xq)"^ has a zero of order 4 at (1,0,0) as a function on S^. We could also 
consider a as an isometry between {S^,gs) and R^ with the metric hgo where h = 
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and observe that oo is a zero of 4-order of h. Therefore X{S^) = 2. 

(3) Let F : N'^ be a minimal immersed surface into a Kahler complex surface (iV, J, g) 

and denote by 6 the Kahler angle of F, that is F*uj = cos OVoIm where uj{X,Y) = g{JX,Y). 
Let g = sin^ 6gM where gM is the induced metric on M by F. The bundle map <1> : TM NM, 
^{X) = (JX)-^, where NM is the normal bundle, is a conformal bundle map with ||$(X)|p = 
sin^ If T' is the torsion of the ^-Riemannian connection V'of M that makes <^ a parallel 

isometry from {TM,g, V) to NM with its usual metric and connection V , then (see {21^(3.2)) 

^{T'{X,Y)) = cos 9{VdF{J^X,Y) - VdF{X,J^Y)) 

where is a (7Af-orthogonal complex structure on M. Minimality of F is equivalent to the 
vanishing of the r.h.s. of the above equation. This means that T' = 0, and so V is the Levi-Civita 
connection for M = {M,g). Moreover, one can prove that if F is not a complex submanifold, 
minimality of F implies sin^ is of absolute value type at its zeros and so zeros are isolated 
and of finite order. Taking into consideration that $ is anti-holomorphic for the g'-orthogonal 
complex structures on TM and NM defined by the usual orientation (and so it is a reverse 
orientation bundle map), (10.1) and (10.2) gives 

-X{NM) = X{R') = X{M) = X{M) + ^ order{p) + J2 order{p) 

pec+ pec- 

where C"*" and C~ are respectively the sets of complex and anti-complex points, zeros of sin^ 6 = 
(1 — cos 9){\ + cos 6). This formula was obtained by |2S] and [2ZI) that we give here a short 
proof, using a singular connection. 

10.2 Minimal 4-manifolds 

Let F : M — > be a 4-dimensional immersed Cayley submanifold M of a Calabi-Yau manifold 
N of complex dimension 4. This means that M is calibrated by one of the Cayley calibrations 
of (see e.g. |19|). and this is equivalent to M to be minimal and with equal Kahler angles. 
In this case the morphism : TM — > NM, ^{X) = (JX)-*-, where NM is the normal bundle, 
has the property of being a conformal one, with coefficient of conformality sin^ 9, where 9 is the 
common Kahler angle of M. For such submanifolds, the complex points are zeros of finite order 
of s\v?9. This is treated in [2^] where using Theorem 1.1 of the present paper one describes 
the set of complex points of M as a residue formula involving the Euler (or equivalently, the 
Pontrjagin ) numbers of M and of the normal bundle. The morphism $ defines a singular metric 
g = sin^ 9gM on M, vanishing at complex points, and a connection V'that is ^-Riemannian and 
has torsion and identifies pi{NM) with pi{R'), and X{NM) with X{R') as in the surface case. 

10.3 Isolated pole in dimension 4 

Let {M,g) be a closed Riemannian 4-manifold, po G M, and h a smooth function on M ~ 
{po} with +00 > h{p) > and h{po) = or /i(po) = +oo. Assume first that g is flat on a 
neighbourhood of and on a geodesic ball B{pQ,e) = B{0,e), h{x) = for some integer 

k. Let u be the outward unit of the (geodesic) sphere 5(^0) e) of M of radius e. Let / = log h = 
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2A;log||x||. Then Jj^ diVgiPiV f))VolM = lim^^o - Isip,,,) 9{P(y f){x),i^{x))Volsip 

o,e)> where 

P(V/) is defined in (1.1). For each x G 5(0, e) 

g{P{Vf){x), u{x)) = {2k)\2k + 6)e-3 (10.3) 
and so for any e we obtain the integer 

- Isipo.A^^^^^'''^^"^'^'''^ ^ -lk\k + 3). (10.4) 

In the general case, if {M,g) is not flat near po but on a geodesic ball of po, f = log(//i) where 
+0O > / > is smooth and h{exppg{w)) = (e^^ is of "absolute value type" at pq), using 

normal coordinates at po we can easily compute g{P{'Vf), v) on a geodesic ball of radius e, and 
taking the limit e — > of the l.h.s. of (10.4) we obtain the same integer on r.h.s. of (10.4). 

11 Quaternionic-Hermitian 8- manifolds 

If {AI^,Q,g) is an oriented almost quaternionic Hermitian (AQH) 8-manifold (see [2] for defini- 
tions), its fundamental form J7 is a self-dual 4-form of norm ^J^- If M is quaternionic Kahler 
(QK) then the cohomology class [Q] of the fundamental 4-form represents the first Pontrjagin 
class of E (see (20], 0), where E = span{Ji, J2, J3 = J1J2} is the rank-3 bundle locally defined 
by a pair of anti-commuting gr-orthogonal positive almost complex structures Ji, J2 of Q. If M 
is only almost QK (AQK) we may compare [0] with pi{E), and we may also use the Obata 
connection to describe characteristic classes, in a similar way for almost complex structures. For 
each pair Qq and Qi of AQH structures on M, with fundamental forms JIq and f^i, we define 
at each point p G M an angle 9{p) G [0, vr] as cos9{p) = jQ{0.(j{p),Qi{p)), where (,) is the 
Hilbert-Schmidt inner product. Then it is defined a smooth section H of /\'^{TM), orthogonal 
to Slo and with = ^ sin^ 9, given by 

i}i = cos9{p)no + Hip). (11.1) 

If Qo and Qi are both AQK we would like to compare the cohomology classes of or compare 
Pi{Eq) with pi{Ei), in terms of a PDE on 9, and find conditions to conclude: (a) 9 is constant; 
or (b) Qi is QK; (c) f^i and f^o are homotopic; or (d) Ei and E2 are isomorphic. As in section 
9, taking cos9{p,t) and H{p,t) defined for instance as in (9.3) and (9.2), and conveniently 
reparameterizing t near i = 0, we have a simple answer to (c): 

Proposition 11.1 // Qo O'^-d Qi are two AQH structures with no anti- quaternionic points, 
i.e. points with cos9{p) = —1, then a homotopy ^It of self-dual 4-forms exist from 0,q to ^li. 
Furthermore, if Qo and Qi are AQK and p — > cos9(p) is constant, then the homotopy can be 
taken by closed self-dual 4-forms. 

If cos 9{p) is constant, then it is also cos 9{p,t) defined by (9.3). Clearly it follows that 0,t = 
cos9{p,t)QQ + H{p,t) is also closed. So, existence of anti-quaternionic points can be an ob- 
struction to homotopy, but the non-existence of them does not guarantee that we can take ilj a 
fundamental form for some AQH structure, not even locally. 
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Weitzenbock formula (3.2) and second equality of (3.3) also hold for 4-forms, where A = 
A{R^) : f\^TM* f\^TM* is also symmetric for the Hilbert-Schmidt inner product, as 
we see next. Denote by R^^ the induced curvature tensor of l\^TM*: if is a 4-form, 
'W{X, y)0(Xi, . . . , X4) = Ei<i<4 -^{Xi, R^^iX, Y)Xj,. . . , X^). Let (e„) be an o.n. basis 
of TpM. The Weitzenbock operator applied to Q is given by 

A{n){X^,X2,Xs,Xi)= J2 E {-l)''{R^{ea,Xk)n){ea,Xi,...,X-^,...,Xi). 

l<a<8 l<fe<4 

Lemma 11.1 For any distinct a, f3, 7, ^, u, a, p, rj: 

{A{ef^''),er''^) = 

1R (C'y, Cp, Cr;? ^/J.) ~ (^/J-i ^7) ~ '2R Cy^, Cp, 67^) 

2/? (^a; ^ai ^77) ~ ^pi ^/3i ^77) ~ '2R (c^, 6p, C^y, 6^^) — Ricci (Cp, 6jy) 

anrf so {A{n),n') = {n,A{n')) for any 

Note that if Qi is AKQ, since is self-dual and closed then it is co-closed and so it is an 
harmonic 4-form. With similar proof to the one of Proposition 1.2 (section 9), and using Lemma 
11.1, we have the following conclusion: 

Proposition 11.2 IfO,Q is QK, ili is AQK and M is compact, then 9 is constant. Ifcos9 7^ —1 
then they are homotopic 4-forms in H^{M; R), and if Qi is also QK, pi{Eq) =pi{Ei). 

In this case a homotopy can be given by fit = cos(t)r2o + sin(t)r22) where = is a 

closed 4-form orthogonal to f^o, and ^t=e = ^^i- If ^1 is AQK then so it is ^If 

Let (Ji, J2, J3) be an hyper-Kahler (HK) structure on R^. This is an o.n. system (of norm \/8 ) 
for the Hilbert-Schmidt inner product. For each x = (a, b, c) G R^ let Jx = aJi + 6J2 + CJ3. The 
elements with x G 5^ are also called the HK structure of R^ determined by Ji, J2. Let TiJC be 
the set of such HK structures (for a given orientation of R^). Given an oriented 4-dimensional 
subspace P of R^ we take J^, J", x G S*^, the HK structures on P and on P-*- respectively, defined 
by the (/-orthogonal positive complex structures. Then Jx{X) = J^(X^) + J'J.{X-^), where X~^ 
and X-^ are respectively the orthogonal projections of X onto P and P-*", defines a HK structure 
on R^. Note that and its fundamental 4-form J7 do not depend on the d.o.n. basis we choose 
for P and for P^. Reciprocally, given (Ji, J2, J3) and X,Y & R^ unit vectors, with Hx-i-Hy 
then P = Hx = span{X , JiX , J2X , J3X} , P^ = span{Y, JiY, J2Y, J3Y} G Gr(4,8) and the 
previous construction w.r.t P,P^ recovers {Jx)xes^- Let 

r = In G A\R^) : = ^(cui a L^i + W2 a l^2 + ^3 a 1^3) : {Ji, J2, J3) £ W/c} C AUR^) 

where iVi{u,v) = g{JiU,v). If M is an oriented 8-dimensional manifold then we define the 
corresponding bundles over M, Ti.lC{M) and T{M). Now we look for obstructions for two 
fundamental 4-forms 0,q and 0,i on M to be homotopic in T[M). Let us assume that on a 
neighbourhood C/ of a point of M, a unit vector field X is defined, and £^0 = span{Ji, J2, J3} 
and El = span{J[, ^2; "^3} with Ji = J(. On what follows we argue as in |^. At each point, the 



(A(er^^),er''") = 
{A{ef''^),ef'^) = 
{A{ef'n,ef^'') = 
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subspace H'x = span{X, J[X, J2X, J^X} is a Ji- complex subspace of real dimension 4. Since 
M has dimension 8 there exist a unit vector Y' G H'x'^ n Hji. One can see from (11.2) below 
that d = dim{Hx n H'x) = dim{Hx n H'x'^). This dimension d is either 2 or 4 (the spaces 
are Ji-complex). Thus, on [/, if rank Eq H Ei is constantly equal to one, then d is constantly 
equal to 2, and we may locally smoothly choose Y' . Set x = (1, 0, 0). Since TM = Hx © Hy, 
orthogonal sum, there exist unique smooth maps y,y',u,u' : U ^ such that 

B = {X, JxX, JyX + Jy'Y' , Jx{JyX + Jy'Y')} , , 

B^ = {Y',JxY',J^Y' + J^,X,Jx{JuY' + J^,X)}, ^ 

define a d.o.n. basis of H'x and H'yi respectively, where + = + = 1, 

9{x,y) = g{x,u) = 0, g{x,y') = g{x,u') = 0, g{u,y') + g(y,u') = 0. Away from Qo-totally- 
complex points of H'x, that is y{p) / 0, and since Qo-Quaternionic (and anti-Qo-quaternionic) 
points do not exist as well, i.e. y'{p) / 0, we have 

JyX + Jy,Y' = J . (||y||X + ||y'||y) where Y = -JvJ Y' G Hj^. (11.3) 
lOT m ■j]^ 

Thus, there exist xi = x,X2 = = ^12^2 a d.o.n. basis of R^, and ( s.t. 



B = {X, Jx,X, .h, {cX + sY), Jx, {cX + sY)] 
B^ = {y, Jx,Y, Jx^{cY - sX), Jx,{cY - sX)}, 



(11.4) 



where c = cos C > 0, s = sin ^ > 0, define a d.o.n. basis of H'x and Hy respectively. Furthermore 
Y G Hx n H'x^ as well. Note that if wc make y ^ 0, wc are approaching a Qo-totally-complex 
point, we have at y{p) = 0, JyX + Jy'Y' = Jy'Y' , but we may not smoothly or continuously 
extended X2 and y as X2 = y' and y = y', or smoothly extend c to and s to 1 at those points. 
This ambiguity will imply an ambiguity on the choice of 63, . . . , eg bellow, and we need to use 
(11.4) to define the homotopy in T{M). A similar problem occurs at Qo-Quaternionic points 
of H'x, where Hx H H'x becomes 4-dimensional. A smooth choice of Y' might be impossible. 
Set ei = X, 62 = JxiX, 63 = JxiX, 64 = JxsX, 65 = y, 66 = JxiY, ej = Jx2Y, eg = Jx-.^Y. 
Then wi = " Ja:i" = + ^ ^56 ^ ^78^ = " J^^^" = e^^ - + - e^^, = " ^3" = 
ei4 + e23+e58+g67 We definea;4 = " J4" = e"-^ - e^^ + e^^ - 0^5 = " J5" = e^^ +6^7 +6^6 +6^5. 
Then we have u'^ = uji, uj'2 = CL02 + sa;4, = clo^ + sa;5, and so locally, 

El = {Jxi,cJx2+ sJi,cJx3+ sJ^) (11-5) 
1 

J7i = (?Q.Q + -sc{u2 /\0J4^ + + + oji^ /\ooi + /\uj^) (11-6) 

O O 

-ff = ^ ((wi A wi + 0^4 A a;4 + ^5 A ^5) — ^(wi A Wi + a;2 A 0^2 + W3 A Ws)) + |sc(a;2 A ^4). (11.7) 

We observe that Jxi, Jx2} '^xs, Ja, J5 is an o.n. system in f\^TM, and Jx^ anti-commutes with 
Jx2^ Jx3, J4, J5, and Jxs = Jx\Jx2^ J5 = JxiJ^, Jx2 anti-commutes with J4, J^g anti-commutes 
with J5. This explains that (11.5) defines an HK structure, and it is elementary to verify it 
spans El. Wc also have 0^2 A (^4 = uj^Auj^ and cosf? = ^(7 + 8c^) G [j^, 1] is positive, (and c can 
be continuously extended to Qo-Quaternionic points and to Qo-totally-complex points). Thus 
cos 6 7^—1 everywhere. So we may conclude: 
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Proposition 11.3 // Qo and Qi are two almost quaternionic Hermitian structures on a 8- 
manifold M with rank{Eo n Ei) > 1, then Qi and Qq ctre homotopic in /\^{TM). If Eq n Ei 
has constant rank one and cos 6 > j^, then and are locally homotopic in T{M). 

Proof. Locally we may take for each t G [0, 1] Bt and B^- as in (11.4) replacing c and s by 
c{t) = cos{tQ,s{t) = sm{tQ. Then = l(iOi{t) A uji{t) + U2{t) A uj2{t) + ujsit) A ujsit)) G T(M) 
where Ji{t) = J^^, J2{t) = c{t)J^^ + s(t)J4, Jsit) = Ji{t)J2{t). QED 

Corollary 11.1 // Qo Qi are both QK, then one of the three cases holds: (a) £"0 = 
El, (6) Eq n El has rank one and both Qo,Qi are locally HK structures, and M is Kdhler. 
Furthermore Pi{Eq) = pi{Ei). (c) EqDEi = {0}. 

Proof. Eq n is a parallel subbundle of /\^ (TM) , and so it has constant rank. If it has rank 
> 2 then it must have rank 3, and so Eq = Ei. So let us assume it has rank 1. This means 
that both Eq and Ei have a common compatible parallel complex structure. This implies M is 
Kahlcr and Eq and Ei arc locally HK (see [3]). QED 

Remark 7. If wc want to find a homotopy by closed 4-forms and Qq or Qi are not AQK wc have 
to compute pi{Eq) and pi{Ei) directly from local frames (Ji, J2, J3) and ( J(, J2, J^). Assume we 
are in the simplest case that Qo is HK, Eq D Ei has rank > 1 and /\^ is flat. We may compare 
pi{Ei) with pi{Eq) = using a homotopy pi{Et), locally defined by Bt,B^- as in the previous 
proofs, and using the bundle E over M x [0, 1], by computing pi{E){X, ^) as we did in section 
9, using the remark 4 of section 7. This would lead to a transgression form with singularities 
at Qo-totally complex points and at Qo-Quaternionic points, and so to a residue formula. This 
is difficult, because Bt are only locally defined, and it requires more investigation on /\^ and 
T, namely, under a musical isomorphism, by considering the elements of T as isomorphic and 
symmetric operators of /\^ TM, whose eigenvectors are almost complex structures. So we will 
not discuss this problem in this paper and leave it for later. 
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